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Abstract
Ground states of Ising spin glasses on fully connected graphs are studied for a broadly distributed bond family. In
particular, bonds J distributed according to a Levy distribution P(J) ∝ 1/|J|1+α, |J| > 1, are investigated for a range
of powers α.We determine ground state energy density variation with α and their ﬁnite-size corrections. We ﬁnd that
the energies attain universally the Parisi-energy of the SK as long as the second moment of P (J) exists (α > 2). They
compare favorably with recent one-step replica symmetry breaking predictions well below α = 2. At and just below
α = 2, the simulations deviate signiﬁcantly from theoretical expectations. The ﬁnite-size investigation reveals that
the corrections exponent ω decays from the putative SK value ωS K = 23 already well above α = 2, at which point it
reaches a minimum.
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1. Introduction
The mean-ﬁeld spin glass, in particular, the Sherrington-Kirkpatrick model (SK) [1] provides the most thorough
and tantalizing insights into the nature of frustrated and disordered systems [2, 3]. Yet, even for the SK model, many
essential aspects still have to be revealed. In particular, ﬁnite size corrections to the mean-ﬁeld solutions have not
been worked out, and existing conjectures appear to be inconsistent or disagree with numerical predictions. These
questions are not merely academic but seem to indicate an incomplete understanding in how ﬁnite-dimensional spin
glasses, as introduced by Edwards and Anderson [4], approach the large-dimensional limit [5].
The study of spin glasses with a power-law (Levy) bond distribution
P(J) =
α
2
|J|−1−α , |J| > 1, (1)
has been advocated in Ref. [6] on physical grounds, concerning the properties of the RKKY couplings between
magnetic sites in the dilute limit of glassy alloys. In fact, it thus may constitute a more “physical” mean-ﬁeld limit
compared to the typical, mathematically more tractable, Gaussian bonds used in SK. One could speculate to whether
power-law bonds may actually overcome the discrepancies between ﬁnite-dimensional spin glasses and their mean-
ﬁeld limit. While power-law bonds do not seem to aﬀect the phenomenology of the droplet model proposed for
low-dimensional lattices, the corresponding (replica symmetric) mean-ﬁeld theory in Ref. [6] shows much weaker
replica symmetry breaking eﬀects at low temperatures than SK, which is more in line with many numerical and
experimental results in ﬁnite dimensions. An in-depth study of the low-temperature properties is pertinent as Levy
spin glasses have received much renewed theoretical attention recently[7, 8, 9, 10, 11]. In particular, we compare with
Ref. [9] on a number of theoretical predictions for the ground state energy density both, at the replica symmetric (RS)
and the one-step replica symmetry breaking (1RSB) level.
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In our simulations [12], we use extremal optimization (EO) [13], a local search heuristic which has been used
successfully to obtain ground state approximations for mean-ﬁeld and ﬁnite-dimensional spin glasses with bimodal
and Gaussian bond distributions [14]. Broadly distributed bonds create a very heterogeneous conﬁguration space,
which provides a signiﬁcant challenge for any local search heuristic, and considerable computational resources had to
be expanded to obtain suﬃciently accurate results. Combined with the desire to sample an entire α-family of models,
such obstacles have limited the achievable system sizes, which may at times call into question whether true asymptotic
behavior has been reached. At their face value, the EO results are consistent with RSB predictions for the ground state
energies except near α = 2, where EO appears to provide a ﬁnite value. The exponent for ﬁnite-size corrections ω
(and for the width of energy ﬂuctuations ρ [12]) exhibits an interesting variation with α at T = 0, most dramatically
near α = 2. In fact, due to their higher-order nature, these variations in ﬁnite-size eﬀects are already noticeable below
α = 4, well before the disappearance of the second moment in the bond distribution.
The Hamiltonian for a fully connected mean-ﬁeld spin glasses (using N to make energy extensive) is deﬁned as
H =
1
N
N−1∑
i=1
N∑
j=i+1
Ji, jσiσ j, (2)
with bonds Ji, j taken from the unrescaled density in Eq. (1). As we are here exclusively interested in properties of
the ground state energy density, it is convenient to simply set N = 1 and accept the fact that the putative ground state
energies E found in our simulations for instances with the Hamiltonian in Eq. (2) are neither extensive nor properly
adjusted to the characteristic coupling strength J0. We obtain proper energy densities, independent of system size N,
in the relevant regimes of α via
e =
⎧⎪⎪⎨⎪⎪⎩
E
N1+
1
α
, α < 2,
E
N3/2 , α > 2.
(3)
Note that in Eq. (3) we have chosen to ignore, for all α > 2, the usual scaling with the second moment of P(J), i.e.,
instead of having a unit moment we have J20 =
〈
J2
〉
= α
α−2 , which fails to exist for α ≤ 2. This choice allows us to
consider the special case α = 2 more closely, but to compare with the familiar result from SK, eS K = −0.76321 . . .,
we will have to take this extra factor into account.
The bond matrix is treated by τ-EO as outlined in Ref. [14]: A ﬁtness proportional to the (negative of) the local
ﬁeld is deﬁned for each spin, and spins are chosen for an update with a bias toward spins of low ﬁtness as speciﬁed
by the parameter τ. For the system sizes in this paper, a value of τ = 1.5 and a sequence of O(N3) update steps for
each instance proved most eﬀective. While systems with α < 1 are readily reducible, and systems with α > 2 are
very homogeneous, those almost irreducible, but quite heterogeneous systems with 1 < α < 2 provide the biggest
challenge for EO, requiring at least ten times more update steps then for SK to obtain consistent results. Each instance
was treated repeatedly with EO, each repeat starting from random initial conditions, and results were considered
consistent when a total of six runs reproduced the putative ground state energy.
2. Discussion of the Numerical Results
We have determined approximate ground states for a large number of fully connected graphs for sizes N =
31, . . . , 255 with bond matrices ﬁlled with random bonds drawn from the power-law distribution in Eq. (1) for values
ranging over α = 0.9, 1.2, . . . , 3.0 in steps of 0.3, and α = 3.9. Extremely large statistics is required to obtain converg-
ing averages 〈e〉 for the energy densities in Eq. (3), which ultimately limited the system sizes reached, as the standard
error of the mean decreases only as Δαe ∼ σ(e)/n1−1/α for α < 2 and a large number of instances n. For comparison,
we have included earlier results for SK [14, 15], where sizes of N = 1023 had been obtained. At these ﬁnite system
sizes, instances revealing the characteristics of the thermodynamic limit are few and far between, as very large bonds
are an essential feature of the ensemble for α < 2 but only arise infrequently. Here we averaged over about n = 106
instances at the smaller system sizes and at least n = 25, 000 for the largest sizes, N = 255. With the error decreasing
only as ∼ 1/n0.1 near α = 1.1, say, at best qualitative results can be expected there.
We investigate the average ground state energy density 〈e〉 and its ﬁnite-size corrections to scaling. In Figs. 1 we
plot these energies in an extrapolation plot as a function of inverse system size, 1/N2/3, which is generally believed
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Figure 1: Average ground state energy density 〈e〉 obtained with EO for various system sizes up to N = 511, for values of α between 1.1 and 3.0 in
Eq. (1). In each panel, the EO data is once plotted as a function of 1/N2/3 (black squares), the scaling projected for SK (corresponding to α→ ∞),
and once linearized with the ﬁtted scaling correction exponent ω (α) (blue ×). While the scaling can not be quantiﬁed precisely for smaller α,
the scaling is consistent with SK (linear on this scale) for larger values of α, yet signiﬁcant deviations from ω = 2/3 in Eq. (4) are observed for
intermediate values of α. There, ω appears to attain a minimum of ω ≈ 0.25 at α = 2. The results for ω (α) are also summarized in Fig. 2.
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Figure 2: Top panel: Plot of the measured values of the exponents ω (from Figs. 1) over the range of values for α used in this study. For α > 1,
ω initially drops towards a minimum near α = 2 to rise again and approach its putative SK-value of ≈ 23 . Bottom panel: Plot of the ground state
energy densities in the scaling of Eq. (3). Black circles denote the extrapolated EO values found in Fig. 1. The line for 1 < α < 2 corresponds
to the RS- and the blue diamonds to the 1RSB-calculation from Ref. [8, 9], the line for α > 2 provides the exact SK-energy eS K = −0.76321 . . .,
appropriately rescaled.
 Stefan Boettcher /  Physics Procedia  53 ( 2014 )  24 – 27 27
to be the magnitude of scaling corrections in the SK. We notice signiﬁcant deviation from that scaling behavior for
varying α. For each value of α, we have ﬁtted the data to
〈e〉N ∼ 〈e〉∞ + ANω . (4)
A plot of the same data but linearized through the scaling in Eq. (4) with the exponent ω extracted from those ﬁts are
also shown in Fig. 1, and the ﬁtted values for ω as a function of α are displayed in Fig. 2.
The exponent ω has a distinct minimum of about ω ≈ 0.25 near α = 2. For larger α, it approaches the presumed
SK-value of ω ≈ 23 . In turn, in the limit for α → 1+, ω may revert to its SK value, although a simple volume-size
correction to the energy with ω = 1 or even exponentially small size corrections with ω→ ∞ appear conceivable.
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